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1. Introduction

The Bohr inequality describes the size of the sum of the moduli of the terms in the series expansion of
a bounded analytic function. Specifically it states that if f(z) = Y. 7 janz" is analytic in the unit disk
U:={z:]z] <1} and |f(2)] < 1 for all z € U, then > ;|a,z"| < 1 for all [z| < 1/3. This inequality
was obtained by Bohr [10] in 1914, and the constant o = 1/3 is known as the Bohr radius. Bohr actually
obtained the inequality for |z| < 1/6, but subsequently later, Wiener, Riesz and Schur, independently
established the sharp inequality for |z| < 1/3 [16,23,25]. Other proofs have also been given in [17-19].

More generally, the Bohr radius for bounded analytic functions in the unit disk can be paraphrased in
terms of its supremum norm, that is, if f(2) = 2 an2", and || flleo = sup|, < | f(2)| < oo, then

0o
Z’anz”‘ < I fll
n=0

* Corresponding author.
E-mail addresses: ymuhanna@aus.edu (Y. Abu Muhanna), rosihan@cs.usm.my (R.M. Ali), zc_ng2004@Qyahoo.com (Z.C. Ng),
blackcurrant_ 89@yahoo.com (S.F.M. Hasni).

http://dx.doi.org/10.1016/j.jmaa.2014.05.076
0022-247X/© 2014 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.jmaa.2014.05.076
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:ymuhanna@aus.edu
mailto:rosihan@cs.usm.my
mailto:zc_ng2004@yahoo.com
mailto:blackcurrant_89@yahoo.com
http://dx.doi.org/10.1016/j.jmaa.2014.05.076
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2014.05.076&domain=pdf

Y. Abu Muhanna et al. / J. Math. Anal. Appl. 420 (2014) 124—-136 125

when |z| < 1/3. Boas and Khavinson [9], and Aizenberg [3,4,6] have extended the inequality to several
complex variables. More recently Defant et al. [11] obtained the optimal asymptotic estimate for the
n-dimensional Bohr radius on the polydisk U™.

Operator algebraists have also taken a keen interest in the Bohr inequality, particularly after Dixon [12]
used it to settle in the negative a conjecture on Banach algebras. Pursuant to this construction, Paulsen
and Singh [18] have extended the Bohr inequality in the context of Banach algebras.

For f(z) =Y., ,anz", the Bohr inequality can be put in the form

d(i‘anz"
n=0

where d is the Euclidean distance. More generally, a class of analytic (or harmonic) functions f(z) =

,|a0|> = Z‘anzn’ < d(f(O),BU), (1)

>0 o anz™ mapping U into a domain 2 is said to satisfy a Bohr phenomenon if an inequality of type (1)
holds uniformly in |z] < po, 0 < pg < 1, and for all functions in the class. The notion of the Bohr phenomenon
was first introduced in [8] for a Banach space X of analytic functions in the disk U. It was shown that under
the usual norm, the Bohr phenomenon does not hold for the Hardy spaces HP, 1 < p < co. However use of a
different norm might lead to the occurrence of a Bohr phenomenon. In [8], a characterization of appropriate
norms was obtained that yielded the Bohr phenomenon for X.

An important notion in complex function theory is subordination. Given two analytic functions f and g,
the function g is subordinate to f, written g(z) < f(z), if g is the composition of f with an analytic self-map
w of the unit disk with w(0) = 0. In the case f is univalent, subordination is equivalent to g(U) C f(U) and
g(0) = f(0). For additional details on subordination classes, see for example [13, Chapter 6] or [20, p. 35].

To make precise the notion of the Bohr phenomenon for classes of functions, let f(z) =Y. janz" be a
given analytic function in U with f(U) = (2. Denote by S(f) the class of analytic functions g subordinate
to f. The class S(f) is said to satisfy a Bohr phenomenon if there is a constant pg € (0, 1] satisfying

> |bnz"| < d(£(0),002)

for all |z| < po, and for any g(z) = Y_." b,2™ € S(f). The constant py is called the Bohr radius.

When f is convex, that is, f(U) is a convex domain, Aizenberg [5, Theorem 2.1] showed that the Bohr
radius for S(f) is po = 1/3, a result which includes (1) when 2 = U. Abu-Muhanna [1, Theorem 1] showed
that S(f) has a Bohr phenomenon for f univalent, and that the sharp Bohr radius is 3 — 2v/2 = 0.17157.
Equality is attained for the Koebe function f(z) = z/(1 — 2)%. In a recent paper [15], we had studied the
Bohr phenomenon for functions mapping the unit disk into the exterior of a compact convex set.

In Section 2, the Bohr radius is obtained for the class of analytic functions mapping U into a concave-
wedge domain. This result established a link between the results of Aizenberg [5] and Abu-Muhanna [1].
Section 3 deals with subordinating families to convex or starlike functions. Specifically the class R(«,~, h)
consisting of analytic functions f satisfying f(z) +azf’(z) +v22f"(z) < h(z) in U is considered. The Bohr
radius is obtained for R(«,~y,h) when h is respectively convex or starlike. The final section is devoted to
finding the Bohr radius for bounded harmonic mappings in the unit disk. Connections of the results obtained
in this paper to several earlier works will also be illustrated.

2. Bohr’s radius for concave-wedge domains

A link to the earlier results of Aizenberg [5] and Abu-Muhanna [1] could be established by considering
the concave-wedge domains

T

Wy = {wEC:|argw|< 5

}, 1<ac<. (2)
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In this instance, the conformal map of U onto W, is given by

1+Z « %) .
Fa,t(z)_t<1_z> —t<1+;Anz>, t>0. (3)

When a = 1, the domain reduces to a convex half-plane, while the case a = 2 yields a slit domain. Denote

by Sw, the class consisting of analytic functions f mapping the unit disk U into the wedge domain W,
given by (2).
The following result of [2] will be needed.

Proposition 2.1. If F is an analytic univalent function mapping U onto §2, where the complement of §2 is
conver and F(z) # 0, then any analytic function f € S(F™), n=1,2,..., can be expressed as

f6) = [ P2 duta)
|z]=1
for some probability measure p on the unit circle |x| = 1. Consequently,
f6) = [ exp(F(a) dula)
|z|=1
for every f € S(exp(F)).

The following result will also be helpful.

Lemma 2.2. Let F, ;(z) =t((1+2)/(1 —2))* =t(1+ Y7, Ayz™) be given by (3), o € [1,2]. Then A,, >0
for all n.

Proof. Evidently

2x
) = T Fa(2). (@
Expanding (4) leads to
o0 (o] (o]
Z nA,z""!' =2 (1 + Z 22"> (1 + Z Anz”> ,
n=1 n=1 n=1
and thus
(5]
2c
Api1 = A, _ 5
1= 2 2% (5)

for all n > 1, where [ ] is the greatest integer function and Ay = 1.
It follows by induction that

Ap = pn(a) (6)

is a polynomial of degree n with positive coefficients. Indeed it holds for n = 1 since 4; = 2a > 0. Assuming
that (6) holds for n = m, then (5) yields
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where
(%]

Pm—2k (Oé) .
k=0

20
m—+1

perl(a) =

Since pp+1 is a polynomial of degree m + 1 with positive coefficient in each term, evidently (6) is true for
all n > 1. Consequently, A, = p,(a) >0foralln>1. O

The following are the main results for this section.

Theorem 2.3. Let o € [1,2]. If f(2) = ag+ Y poy anz™ € Sw,, with ag > 0, then
Z|anzn| < d(a078WOz)
n=1
for |z <o = (2Y/* —1)/(2Y* +1). The function f = Fyq, in (3) shows that the Bohr radius r,, is sharp.

Proof. Write

o0

NOEDIES
n=0
Since f € S(Fu.q,), it follows from Proposition 2.1 and Lemma 2.2 that

f*(T‘)—ao<a0§:Anr":aoKi—i_:)a—l}

n=1

1+7r
1—r

= d(ag, OW,) K )a - 1] < d(ag, OW,)

for |z| = r < r,, where 7, is the smallest positive root of the equation

14+r\°
—1=1.
(i)

Theorem 2.4. Let a € [1,2]. If f(z) = ag+ Y .oy anz™ € Sw,, then

Thus rq = (20 —1)/(2% +1). O

o
Z‘%ﬂ"’ — |aol* < d(|aol*,0W4)

n=0

for |z] < re = 2V = 1)/(2Y* + 1), where |ag|* = Fayl(\F;%(ao)\) and Fy 1 is given by (3). The function
[ = Fqo o+ shows that the Bohr radius r is sharp.

Proof. Since f € Sy, , there exists b € U such that Fy, 1(b) = ao. Let

A=Ytz = ) S
n=0 n=1
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Then (Fy10¢)(0) = Fy1(¢(0)) = ap = £(0) which yields

f<Fy100. (7)

Next, let |ao|* = Fo 1(|b]). Then

laol* = Fa1(|Fs1(a0)]) = [Fa(Fyi(ao))| = laol-

Now the function

T oL+ (1= 22
= bn n = -
¢ =3l e

maps the disk |z| < 1/3 into U. Thus G*(z) = F,1(¢*(2)) satisfies
G* < Fy jag* (8)
for |z| < 1/3. Further for any analytic functions g1, g2 defined on U,
(91 +92)"(I2]) < gi(12]) + 95 (I2) and (g192)"(I2]) < g1 (121)95(|2])
which give
(Fap 09)*(r) < G*(r). (9)

Hence using (7), (8) and (9) together with Proposition 2.1, it follows that

FH() € (Fan 09)* (1) < G*(r) < Fajog)-(r) = "‘0'*(1 +:>

for » < 1/3. Consequently, f*(r) — |ao|* < |ao* = d(Jao|*,0W4) provided r < rq, where 74 is the smallest

1 «
( +r> 71:1’
1—1r

positive root of

that is, 7o = (20 —1)/(25 +1). O
Remark 2.5. Since a € [1,2], it follows that 0.17157 ~ (v2 —1)/(V2+1) <7, < §.

Remark 2.6. If ap > 1, then |ag|* = ap and Theorem 2.4 is equivalent to Theorem 2.3. However the case
0 < ag < 1 gives |agl* = 1/ap.

Remark 2.7. The Bohr radius for the half-plane is 71 = 1/3, and 73 = 3 — 21/2 for the slit-map. Since every
convex domain lies in a half-plane, it readily follows from Theorem 2.3 that the Bohr radius for convex
domains is 1/3. When the class of functions is subordinate to an analytic univalent function, it follows from
de Brange’s Theorem [14] that the moduli of its Taylor’s coefficients are bounded by the coefficients of the
slit-map, which from Theorem 2.3, readily yields the Bohr radius 3 — 2v/2 for this class [1].
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3. Second-order differential subordination

For o >~ > 0, and for a given analytic convex function h € A, let
R(a,v,h) == {f € A: f(z) + azf'(2) + v2°f"(z) < h(2), z € U}.
The investigation of such functions f can be seen as an extension to the study of the class
R(a,h)={f e A: f'(z) + azf"(z) < h(z), z€ U}

or its variations for an appropriate function h. This class has been investigated in several works, and more
recently in [24,26]. It was shown in Ali et al. [7] that f(z) < h(z) whenever f € R(«,~,h). The notion of
convolution will be needed to deduce the latter assertion.

Denote by A the class of all analytic functions f in U. For two functions f(z) = > % a,z" and
g(z) = >,° o bnz™ in A, the Hadamard product (or convolution) of f and g is the function f * g defined by

(fxg)(z Zanbz

The following auxiliary function will be useful: let

1 0 n

dt z
qzSA(Z)_/l—zt/\ _;1—1-)\11'

0

From [21] it is known that ¢, is convex in U provided Re A > 0.
Now for a > v > 0, let

vip=a—y, p=7,

and
11
://h (2t"s")dtds = (¢ * ¢p) * h(2). (10)
0 0

Since ¢ is the convolution of convex maps, ¢ itself is convex [22]. It is also easily verified that ¢ € R(«,~, h).
n [7], Ali et al. showed that

f(z) <a(z) < h(2)

for every f € R(a,v,h). Thus R(a,v,h) C S(h). The following result gives the best Bohr radius for
R(a, v, h).

Theorem 3.1. Let f(z) = > o0 an2™ € R(a, v, h), and h be convex. Then

o

> |anz"| < d(h(0), 00(U))

n=1
for all |z| < rev(a,y), where roy(a,y) is the smallest positive root of the equation

1

1
(1+,un)(1+1/n)r 2

n

(Gux b)) —1=

n=1
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Further, this bound is sharp. An extremal case occurs when f(z) := q(z) as defined in (10) and h(z) :=
I(2) = =

Proof. Let F(2) = f(2) + azf'(2) + v22f"(z) < h(z). Then

o0

F(z)= Z [1+an+yn(n —1)]a,z
n=0

and

8

P~ FO) _ h2)=h(0)
Nand” = =5 = W)

It follows from [13, Theorem 6.4(i)] that

1+an+yn(n—1)
h'(0)

lan] <1, n>1.

Hence

i
Swel
1+ (p+v)n+ pvn?

lan| <

which readily yields

- c- W (0)]
n
;mn\r Z + (n+v) n—|—w/n2r '

Since H(z) = %(Oh)() is a normalized convex function in U, it follows that

d(0,002)>1/2, 2=H),
implying

[7'(0)]
2

d(1(0). 9h(1)) = inf [h(¢) ~ h(0)| >

I\
m
-

Thus

1

Z:l\anwgd h(0), On(U (Z 1+Mn)(l+vn)rn>7

and the Bohr radius 7y (e, ) is the smallest positive root of the equation

oo

1 n_ 1 1
(1—|—un)(1—|—un)r T2 - (11)

n=1

The accompanying graph in Fig. 1 describes the extremal case. With h(z) := l(z) = z/(1 — z), then
d(h(0),0h(U)) = 1/2, and ¢(z) = (¢, * ¢,) * I(z) maps the Bohr circle of radius r¢y into {w : |w| < 1/2}.
Here the image of the Bohr circle is depicted by a bold closed curve.



Y. Abu Muhanna et al. / J. Math. Anal. Appl. 420 (2014) 124136 131

1 1 1 s

-02 0.0 0.2 04 0.6

z

Fig. 1. Image of the Bohr circle under q(z) = (¢, * ¢,) * 25 fora =3, v =1.

Table 1

The Bohr radius rcv (e, ) for different o and ~.
« rov(a, 0) @ Yy rov(a, y)
0 0.333333 0 0 0.333333
0.1 0.365245 1 0.5 0.649755
1 0.582812 1 0.9 0.684027
10 0.994200 4 0.9 0.981325
20 0.999958 4 1 0.986793
28 0.999999 4 4/3 0.999999

Remark 3.2. The Bohr radius r¢y(0,0) = 1/3 was obtained in [5, Theorem 2.1].

From (11), it is known that for any f € R(a,~, h) and h convex, the Bohr radius rcv (e, ) can be found
by solving the equation

1 1

n

(o) 1 o0
n _ — —
;1+om+'yn(n71)r _;(1+un)(1+1/n)r 2

for the smallest positive root. Table 1 gives the values of the Bohr radius for different choices of the
parameters a and 7. Note that roy (o, ) approaches 1 for increasing « and 7.
The following theorem deals with subordination to a starlike function.

Theorem 3.3. Let f(z) = > o7 anz" € R(a, 7, h), and h be starlike. Then

o

> |anz"| < d(h(0),00(V))

n=1

for all |z| < rgr(a, ), where rer(a,y) is the smallest positive root of the equation

n n 1

(Gnx $0)(r) =1 = nz::l (1+ pun)(1 +1/n)T s

z

This bound is sharp. An extremal case occurs when f(z) := q(z) as defined in (10) and h(z) := k(z) = e
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Proof. Since

F(2) = f(2) + azf'(z) +v22f"(2) = Z [1+an+yn(n —1)]apz" < h(z),
n=0
it follows that
- _F(z) - F(0) _ h(z) —h(0) _
n:1 anz" = W (0) =< HOR H(z).

Thus [13, Theorem 6.4(ii)]

‘1+an—|—7n(n—1) lan| <n, n>1

h'(0)

which yields

- - nlh' (0)] o
I e o

Since H(z) is a normalized starlike function in U, then
|H(z)| > 1/4, ze€dU,

implying

d(h(0),0n(U)) = Cie%fU}h(C) — h(0)| >

Thus

Z:l\anh"" §4d ( ), Oh(U (Z 1+;m;1(1+1/n)rn>’

and the Bohr radius rgr(«, ) is the smallest positive root of the equation

n

> n 1
nz::l (1+pn)(1+ un)r 4 - (12)

If h is starlike, then g as given in (10) is starlike. Fig. 2 describes an extremal case. Here d(h(0), 0h(U)) =
1/4 for h(z) := k(z) = z/(1 — 2)?, and q(2) = (¢, * ¢») * k(z) maps the Bohr circle, depicted as the bold
closed curve, into {w : |w| < 1/4}.

Remark 3.4. The Bohr radius rg7(0,0) = 3 — 21/2 is equal to the Bohr radius for the class of analytic
functions subordinated to a univalent function, see [1, Theorem 1].

From (12), the Bohr radius rgr can be found by solving the equation

n

> -3 =3
— 1+an+’ynn—1 — 1—|—;m (1+wvn) 4

for a positive real root. Several values of rgr(a, ) are listed in Table 2
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Fig. 2. Image of the Bohr circle under q(z) = (¢, * ¢,) * oz fora=3,v=1

Table 2

The Bohr radius rgr(«,y) for various « and .
[} ro(a, 0) o s ro(a, )
0 0.171573 0 0 0.171573
0.1 0.188154 1 0.1 0.315797
1 0.308210 2 1 0.459619
10 0.723763 10 1 0.765923
100 0.961586 100 10 0.994215
1000000 0.999996 100 35 0.999963

4. Bohr radius for bounded harmonic functions

We conclude by finding the Bohr radius for bounded harmonic functions in the disk. Let D be a bounded
set and denote by D the closure of D. Let D,,;, be the smallest closed disk containing the closure of D.
Thus

for any closed disk E containing D. The following two lemmas are required to deduce the main theorem in
this section.

Lemma 4.1. (See [1].) If g(z) = Y., " o bnz™ € S(f), and f(z) =Y ,° | anz™ is convex with f(U) = §2, then

|by| < la1| < 2d(f(0),002).

Lemma 4.2. Let f(z) = h(2)+g(z) = 300y anz" + 300 by2™ be a comples-valued harmonic function in U.
If f maps U into a bounded domain D, then

|eiuan + efi“bn| < 2(/7 - |Reei“(a0 - w0)|)’ (13)

4
|an| +1bn| < —p, (14)

for any real 1 and any n > 1, where p and wqy are respectively the radius and center of D pin.
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Proof. Now f(U) is contained in a disk with radius p and center wo, and so
p=|f(2) —wo| +d(f(2),0Dmm), or |f(z)—wo|=p—d(f(2),0Dmin);
that is,
| f(2) —wo| < p
for all z € U. Consequently
[Re(e" [£(2) = un])| < | [£(2) —wa]| < p

for any real p and any z € D.
Let

W,(z) = e (h(z) — wo) + e "*g(z).

Then W, is analytic, W, (0) = €*(ap — wo) and |Re W, (2)| = |Re(e™[f(z) — wo))| < p.
The function

24 1+2
F(z) = Zpl
(2) = —plog 5

—Z

maps U conformally onto the strip P = {¢ : |Re(| < p}. As e"(ag — wp) € P, choose b € U so that
F(b) = e*(ag — wp) and let

z+
z) = —.
#(2) 1+ bz

Then F(¢(0)) = e (ag — wo) = W,(0), and hence W, is subordinate to F o ¢.
Simple calculations give

i _ 2
(Fogy() = LZI)

i P s [(Foel(0)] <

p- (15)

SIS

As F o ¢ is convex and
d(F(go(O)),aP) =p— |Re VVH(O)| =p— |Ree“‘(a0 — w0)|,
Lemma 4.1 implies (13). In addition, Lemma 4.1 and (15) imply
. » 4
’e‘”an +e ’”bn| < —p.
™

If a,, = 0, then inequality (14) is evident. If a,, # 0, then

14 e 21 b—n
an )|’

and u can be chosen so that e 2% (b, /a,) = |bn/an|, which gives (14). O

|ei“an + efi“bn{ = |ay,|

Remark 4.3. When D = U, Lemma 4.2 reduces to Lemma 4 in [1].
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The following is our main result in this section.

Theorem 4.4. Let f(z) = h(z) + g(z) = 300 s an2" + o bp2™ be a complex-valued harmonic function
inU. If f:U — D for some bounded domain D, then, for |z] <1/3,

0 o0 2
an2" |+ ) |bp2"| < —=p 16
;\ | ;\ | <~ (16)
and
o0
S [ean + by |2 + [Re e (ao — wo)| < p a7)

n=1

where p and wy are respectively the radius and center of D .
The bound 1/3 is sharp as demonstrated by an analytic univalent mapping f from U onto D. In particular,
if D is an open disk with radius p > 0 centered at pwq, then sharpness is shown by the Mobius transformation

; zZ+a
— ptHo
() = oo+ fuol

for some 0 < a < 1 and pg satisfying wo = |wole*o.

Proof. If |z| = 1/3, then it follows from (13) that
Z’e”‘an + efi”bn||z”| <p-— |Re e (ag — w0)|,
n=1
and (17) is evident. On the other hand, (14) yields
4
|an| + [bn| < —p,
™
and with |z| = 1/3 gives
o0 o0
174 2
n2" A e )
St Srt= i)

which is (16).
For sharpness, consider the M&bius transformation

o(z) = ei“”p(lzjjz + |w0|>, a> 0.
Then
© . . o0
p(2) = > ane = 0 p(a+ fwol) +e#0p(1 - a?) S (—a)" e
n=0 n=1
yields

oo

£ = 3 aalz" = plat funl) + 30 (1~ a2 = pl2a o)+ )

1—az
n=0 n=1
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For any fixed rg, a brief computation shows that

a+(1—2a?)rg <

1 *
pid (ro) — |wo| = 1 arg

provided 79 > 1/(1 4 2a), or equivalently a > (1/2)(1/ro — 1). Hence for any ro > 1/3, there exists an a
satisfying 1 > a > (1/2)(1/r¢o — 1) where (17) does not hold in the open disk D with radius p > 0 centered
at pwp. Hence the bound 1/3 is best possible. O

Remark 4.5. In the case D is the unit disk U, Theorem 4.4 reduces to Theorem 2 in [1].
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